On the planarity of jump graphs  by Hevia, Héctor et al.
Discrete Mathematics 220 (2000) 119{129
www.elsevier.com/locate/disc
On the planarity of jump graphs
Hector Heviaa, Donald W. VanderJagtb, Ping Zhangc;;1
aEscuela de Ingenieria Comercial, Universidad Adolfo Ibanez, Balmaceda 1625, Vina del Mar, Chile
bDepartment of Mathematics and Statistics, Grand Valley State University, Allendale, MI 49401, USA
cDepartment of Mathematics and Statistics, Western Michigan University, Kalamazoo, MI 49008, USA
Received 5 October 1998; revised 9 July 1999; accepted 4 October 1999
Abstract
For a graph G of size m>1 and edge-induced subgraphs F and H of size k (16k6m), the
subgraph H is said to be obtained from F by an edge jump if there exist four distinct vertices
u; v; w; and x in G such that uv 2 E(F), wx 2 E(G)−E(F), and H =F−uv+wx. The minimum
number of edge jumps required to transform F into H is the k-jump distance from F to H . For
a graph G of size m>1 and an integer k with 16k6m, the k-jump graph Jk(G) is that graph
whose vertices correspond to the edge-induced subgraphs of size k of G and where two vertices
of Jk(G) are adjacent if and only if the k-jump distance between the corresponding subgraphs
is 1. All connected graphs G for which J2(G) is planar are determined. c© 2000 Elsevier Science
B.V. All rights reserved.
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1. Introduction
One of the best known graph-valued functions dened on the set of nonempty graphs
is the line graph. For a nonempty graph G, the line graph L(G) is that graph whose
vertices are the edges of G and where two vertices of L(G) are adjacent if and only if
the corresponding edges of G are adjacent. This familiar concept was generalized in [2]
when a metric, called the rotation metric, was dened on the space of all edge-induced
subgraphs of a specied size in a connected graph.
For a connected graph G of size m>1, let F and H be edge-induced subgraphs of
size k (16k6m). The subgraph H can be obtained from F by an edge rotation if
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there exist distinct vertices u; v; and w in G such that uv 2 E(F), vw 2 E(G)− E(F),
and H = F − uv + vw. If there exists a sequence F = H0; H1; : : : ; H‘ = H (‘>0) of
edge-induced subgraphs of size k in G such that Hi+1 is obtained from Hi by an
edge rotation for i = 0; 1; : : : ; ‘ − 1, then we say that F is r-transformed into H . The
minimum number of edge rotations required to r-transform F into H is called the
rotation distance dr(F;H).
In [2] the k-line graph Lk(G) of a graph G of size m>1, where 16k6m, is dened
as that graph whose vertices are the
(m
k

edge-induced subgraphs of size k in G, and
where vertices F and H are adjacent in Lk(G) if and only if dr(F;H) = 1. Hence
L1(G) is the line graph L(G). The k-line graph is also referred to as the k-rotation
graph. We label each vertex of Lk(G) by listing the edges of the respective subgraph;
each edge in the label is called a coordinate. For a vertex fe1; e2; : : : ; ekg of Lk(G),
we write e1e2    ek or, at times, etX , where X = fei j i = 1; 2; : : : ; k; i 6= tg. If k = 1,
then etX = et .
In [1] a graph closely related to the 2-line graph (or 2-rotation graph) L2(G) was
dened. For a graph G of size m, the double-rotation graph R2(G) is dened as that
graph whose vertices are the
(m
2

edge-induced subgraphs of size 2 in G, and where
vertices F and H are adjacent in R2(G) if and only if there exists a pairing of the two
edges of F with the two edges of H (one edge of F and one edge of H in each pair)
such that the two edges in each pair are adjacent.
Another type of edge transfer, the edge jump, was introduced in [3]. For a graph
G of size m>1 and edge-induced subgraphs F and H of size k (16k6m), we say
that H is obtained from F by an edge jump if there exist four distinct vertices u; v; w,
and x in G such that uv 2 E(F), wx 2 E(G) − E(F), and H = F − uv + wx. We say
that F can be j-transformed into H if H can be obtained from F by a sequence of
edge jumps. The minimum number of edge jumps required to j-transform F into H is
called the jump distance dj(F;H) from F to H .
With this metric, another graph-valued function was dened in [3]. For a graph G of
size m>1 and an integer k with 16k6m, the k-jump graph Jk(G) of G is that graph
whose vertices are the
(m
k

edge-induced subgraphs of size k in G, and where vertices
F and H are adjacent in Jk(G) if and only if dj(F;H) = 1. The graph J1(G) = J (G)
is called the jump graph of G. Also J (G) = L(G), the complement of the line graph.
For the graph G of size 5 in Fig. 1, J1(G)= J4(G); J2(G)= J3(G), and J5(G)=K1.
This serves to illustrate the following result.
Theorem 1.1. If G is a graph of size m>1 and k is an integer with 16k <m; then
Jk(G) = Jm−k(G).
Proof. Let F and H be two edge-induced subgraphs of G of size k and let vF and vH
be the corresponding vertices of Jk(G). If vF and vH are adjacent in Jk(G), then H
can be obtained from F by an edge jump. Thus E(F) = feg [X and E(H) = ffg [X
for nonadjacent edges e and f of G, where jX j= k − 1. Let Y =E(G)− (X [ fe; fg),
so jY j=m−k−1. Let F 0= hY [ffgi and H 0= hY [fegi. So F 0 and H 0 are subgraphs
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Fig. 1. The k-jump graphs of a graph.
of G of size m− k. Let vF0 and vH 0 be the corresponding vertices of Jm−k(G). Since
H 0 can be obtained from F 0 by an edge jump, vF0 and vH 0 are adjacent in Jm−k(G).
Conversely, if vF0 and vH 0 are adjacent in Jm−k(G), then vF and vH are adjacent in
Jk(G). Thus the function  : V (Jk(G)) ! V (Jm−k(G)) dened by (vF) = vF0 is an
isomorphism.
In [5] Sedlacek characterized the planar graphs having a planar line graph.
Theorem A. Let G be a planar graph. Then L(G) is planar if and only if degG v64
for every vertex v of G and if degG v= 4; then v is a cut-vertex.
In [2] all connected graphs G having a planar 2-rotation graph were character-
ized in terms of a nite set S of graphs, namely a connected graph G has a planar
2-rotation graph if and only if G is a subgraph of some element of S. In [1] an
analogous characterization of connected graphs having a planar double-rotation graph
was given. The goal of this paper is to present a characterization of connected graphs
having a planar 2-jump graph along the same lines as those characterizations presented
above.
Throughout this paper we will have occasion to use Kuratowski’s famed characteri-
zation [4] of planar graphs.
Theorem B. A graph is planar if and only if it contains no subgraph isomorphic to
K5 or K3;3 or a subdivision of one of these graphs.
Although our emphasis is not with connected graphs having a planar jump graph,
we do present a related result. First we prove the following result.
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Theorem 1.2. If a graph H is a subdivision of a graph G; then for every positive
integer k; Jk(H) contains a subgraph isomorphic to Jk(G).
Proof. It suces to verify the result in the case when H is obtained from G by an
elementary subdivision (a subdivision of a single edge of G). Assume that the edge e
in G is subdivided into two edges a and b to produce H . We show that Jk(H) contains
a subgraph F isomorphic to Jk(G). First we dene V (F). Let every vertex in Jk(G)
not containing the coordinate e be a vertex of F . Also, if eX is a vertex of Jk(G),
where, of course, jX j=k−1, then let aX be a vertex of F . Clearly, V (F)V (Jk(H)).
We now dene E(F). There are three possibilities.
Case 1. eX and fX are adjacent vertices in Jk(G). Then e and f are not adjacent
in G. So a and f are not adjacent in H . Hence aX and fX are adjacent vertices in
Jk(H). Let the edge joining aX and fX belong to F .
Case 2. yX and zX are adjacent vertices in Jk(G); where e is a coordinate of X .
(This case does not occur when k=1.) Therefore, y and z are not adjacent in G. Then
we can write X = eY , where jY j= k − 2. Let X 0= aY . Then yX 0 and zX 0 are adjacent
vertices in Jk(H). Let the edge joining yX 0 and zX 0 belong to F .
Case 3. yX and zX are adjacent vertices in Jk(G) but e is not a coordinate of X .
Then yX and zX are also adjacent in Jk(H). Let the edge joining yX and zX belong
to F .
This completes the construction of F and, by this construction, F is isomorphic to
Jk(G).
There is an immediate corollary of this result.
Corollary 1.3. If a graph H is a subdivision of a graph G and Jk(G) is nonplanar
for some positive integer k; then Jk(H) is nonplanar.
We now present the following result concerning jump graphs.
Theorem 1.4. If a connected graph G has a planar jump graph; then G is planar.
Proof. Assume that G is nonplanar. We consider three cases.
Case 1. G contains K3;3 as a subgraph. The graph K3;3 and a subgraph of J (K3;3)
are shown in Fig. 2. Since J (K3;3) contains a subdivision of K3;3, it follows that J (G)
is not planar.
Case 2. G contains K5 as a subgraph. The graph K5 and a subgraph of J (K5) are
shown in Fig. 3. Since J (K5) contains a subdivision of K3;3, it follows that J (G) is
not planar.
Case 3. G does not contain K3;3 or K5 as a subgraph. By Theorem B, G contains
a subgraph H that is a subdivision of K5 or K3;3. By Corollary 1.3, J (H) and thus
J (G) are not planar.
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Fig. 2. The graph K3;3 and a subgraph of J (K3;3).
Fig. 3. The graph K5 and a subgraph of J (K5).
2. Connected graphs with planar 2-jump graphs
We now discuss the planarity of J2(G) for a connected graph G of size at least 2. In
[2] it is shown that for the paths Pn and cycles Cn of order n; L2(Pn) is planar for all
n>3 and L2(Cn) is nonplanar if and only if n>5. Similar results can be obtained for
J2(Pn) and J2(Cn). The 2-jump graphs J2(P5), J2(P6), J2(C4), and J2(C5) are shown in
Fig. 4. Therefore, J2(P5) and J2(C4) are planar while J2(P6) and J2(C5) are nonplanar.
Corollary 1.3 gives us the following results.
Corollary 2.1. Let n>2. Then J2(Pn) is nonplanar if and only if n>6.
Corollary 2.2. Let n>3. Then J2(Cn) is nonplanar if and only if n>5.
We now present a lemma.
Lemma 2.3. If H is a graph containing a subgraph G that is the union of edge-disjoint
subgraphs G1 of size at least 2 and G2 of size at least 3 such that (1) G1 contains
nonadjacent edges a and b; (2) G2 contains an edge e that is not adjacent to two
edges f and g of G2; and (3) a and f are not adjacent and b and g are not adjacent
in G; then J2(H) is nonplanar.
Proof. Since the 2-jump graph J2(G) contains a subgraph isomorphic to the subdivision
of K5, shown in Fig. 5, it follows that J2(G) and thus J2(H) are nonplanar.
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Fig. 4. 2-jump graphs of certain paths and cycles.
Fig. 5. A subgraph of J2(G).
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Fig. 6. Graphs having a nonplanar 2-jump graph.
We are interested in showing that each of the graphs Hi (16i617) of Fig. 6 has
a nonplanar 2-jump graph. Lemma 2.3 will be useful in this connection, as will the
following two lemmas.
Lemma 2.4. If a graph G contains two disjoint subgraphs; one of which is isomorphic
to K1;5 and the other is isomorphic to P2; then J2(G) is nonplanar.
Proof. If the edge set of the subgraph K1;5 is fa; b; c; d; eg while the edge of P2 is
f, then J2(G) contains the subdivision of K5 shown in Fig. 7. Therefore, J2(G) is
nonplanar.
Lemma 2.5. If a graph G contains two disjoint subgraphs; one of which is isomorphic
to K1;3 or K3 and the other is isomorphic to P3; then J2(G) is nonplanar.
Proof. Let the edge set of K1;3 or K3 be fa; b; cg and the edge set of P3 be fd; eg. Then
J2(G) contains the subdivision of K3;3 shown in Fig. 8 and is therefore
nonplanar.
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Fig. 7. A subgraph of J2(G) for the graph of Lemma 2.4.
Fig. 8. A subgraph of J2(G) for the graph of Lemma 2.5.
We now are prepared to show that each graph Hi (16i617) of Fig. 6 has a non-
planar 2-jump graph.
Lemma 2.6. For each graph Hi; 16i617; of Fig. 6; J2(Hi) is nonplanar.
Proof. By Lemma 2.3, the graphs J2(Hi) for i = 6; 11 are nonplanar. (See Fig. 6
for an edge labeling in an application of Lemma 2.3.) Since the graphs H8 and H15
contain disjoint subgraphs isomorphic to K1;5 and P2, it follows, by Lemma 2.4, that
J2(Hi); i=8; 15, is nonplanar. For i=4; 7; 9; 12; 14, the graph Hi contains disjoint sub-
graphs isomorphic to K1;3 or K3 and P3, and so J2(Hi) is nonplanar by Lemma 2.5.
Finally, since each of the graphs J2(Hi); i = 1; 2; 10; contains a subdivision of K3;3
and J2(Hi); i=3; 5, contains a subdivision of K5 (see Fig. 9), it follows that J2(Hi) is
nonplanar for i=1; 2; 3; 5; 10: Also, every two nonadjacent edges in H5 are nonadjacent
in H13, so J2(H13) is nonplanar. Finally, J2(H16) is nonplanar by Corollary 2.1, while
J2(H17) is nonplanar by Corollary 2.2.
It is straightforward to show that each of the graphs Gi (16i67) of Fig. 10 has a
planar 2-jump graph. In fact, these graphs are maximal with respect to having a planar
2-jump graph, as we next show. Clearly, if G is a star of size m, then Jk(G) consists
of
(m
k

isolated vertices and so Jk(G) is planar.
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Fig. 9. The 2-jump graphs of H1; H2; H3; H5, and H10.
Fig. 10. The seven graphs Gi for 16i67.
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Theorem 2.7. Let G be a connected graph that is not a star. Then the graph
J2(G) is planar if and only if G is a subgraph of one of the seven graphs in
Fig. 10.
Proof. We have already noted that the 2-jump graph of each of the graphs Gi (16i67)
is planar. It remains to show then that if G is a connected graph that is not a star such
that J2(G) is planar, then G is a subgraph of some graph Gi (16i67). We consider
two cases.
Case 1. G is a tree. Since G cannot contain H16, it follows that diamG64. Since G
is not a star, diamG>3. If diamG=3, then G is a double star. Since G cannot contain
the graphs H14 or H15, it follows that G is a subgraph of G4 or G7. We now assume
that diamG = 4. Since G cannot contain H9; H10; H11; H12, or H13 as a subgraph, it
follows that G is a subgraph of G5 or G6.
Case 2. G contains cycles. By Corollary 2.2, G cannot contain H17. So only 3-cycles
and 4-cycles are possible. We consider three subcases.
Subcase 2.1. G contains C4 but not C3. Since H1; H2 and H16 cannot be subgraphs
of G, it follows that G is a subgraph of G1.
Subcase 2.2. G contains both C4 and C3. Since G does not contain H1, H2, H16, or
H17, it follows that G is a subgraph of G1.
Subcase 2.3. G contains C3 but not C4. The graph G cannot contain two triangles,
for otherwise G contains H3 or H16, which is impossible. Therefore, G contains exactly
one triangle T .
If exactly two vertices of T have degree 2 in G, then G is a subgraph of G1 or G4
since G cannot contain H4; H5; H8 or H16 as a subgraph. If exactly one vertex of T
has degree 2, then G is a subgraph of G3 since G cannot contain H7; H14, or H16 as
subgraphs. Finally, if no vertex of T has degree 2, then T is a subgraph of G2 since
G cannot contain H6 or H16 as a subgraph.
We close with an alternative, ‘forbidden subgraph’ statement of Theorem 2.7.
Corollary 2.8. A connected graph G that is not a star has a planar 2-jump
graph if and only if G contains none of the graphs Hi (16i617) of Fig. 6 as a
subgraph.
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